ACTION OF THE JOHNSON-TORELLI GROUP ON 
REPRESENTATION VARIETIES 
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Abstract. Let S be a compact orientable surface with genus g 
and n boundary components B = . . . , -B„). Let c = (ci, . . . , c„) G 
[—2,2]". Then the mapping class group MCG of S acts on the rel- 
ative SU(2)-character variety Xq ■= Homc(7r, SU(2))/SU(2), com- 
prising conjugacy classes of representations p with tr{p{Bi)) — Ci. 
This action preserves a symplectic structure on the smooth part of 
Xc, and the corresponding measure is finite. Suppose 5 = 1 and 
n = 2. Let J' C MCG be the subgroup generated by Dehn twists 
along null homologous simple loops in S. Then the action of J' on 
Xc is ergodic for almost all c. 



1. Introduction 

Let S = T^g^n be a compact oriented surface of genus g with n bound- 
ary components B = {Bi, Bn}. Let vr = 7ri(E) denote its fundamen- 
tal group. The mapping class group MCG consists of isotopy classes of 
orientation-preserving homeomorphisms of S which pointwise fix each 
Bi. Alternatively, MCG is the image under the quotient homomorphism 

Aut(7r) — > Out(7r) := Aut(7r)/lnn(7r) 

of the subgroup Aut(7r, B) of all automorphisms of vr that preserve the 
set B of conjugacy classes of the cyclic subgroups ni{Bi) C vr and 
correspond to orientation-preserving homeomorphisms. 

Let G be a Lie group. Then G acts on Hom(7r,G') by conjugation. 
Let 

X{G) = Hom(7r,G)/G. 

Let C = {Ci, ■ ■ ■ , Cn}, where Cj C G is a conjugacy class for 1 < i < n. 
Then the relative representation variety is 

Homc(7r, G) = {p e Hom(7r, G) : p{Bj) e Cj, for 1 < j < n}. 
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The group G acts on Homc(7r, G) by conjugation and the moduh space 
is the quotient 

Xc(G') = Homc(7r,G)/G. 
The group Aut(7r, B) acts on tt, preserving B. Hence it acts on 
Homc(7r,G). Furthermore the action descends to a MCG-action on 
XciG). The moduh space Xc(G') has an invariant dense open subset 
j£^(G) which is a smooth manifold. This subset has an MCG-invariant 
symplectic structure hence, a natural smooth MCG-invariant mea- 
sure /i O [5] . 

Denote by S the set of homotopy classes of simple closed curves on 
E and by J C S" the null homologous (in Hi(E,Z)) subset. The group 
MCG is generated by Dehn twists along simple loops in S. Denote by 
JT" C MCG the subgroup generated by Dehn twists along simple loops 
in J and by T C MCG the subgroup generated by Dehn twists for 
a G J and products TaT^^ , where a and h are disjoint but homologous 
simple loops in S. 

When n < 1, T is the Torelli group, i.e. the subgroup of MCG acting 
trivially on H^(S,Z) [8]. Johnson constructed epimorphisms 

f r — ^ A3H^(S,Z)/H^(S,Z) forn = 0, 
\r — > A^R\J:,Z) forn = l 

and define the kernels to be JT" [3 Ifij . 

For n > 1, our definition of T relates to the functorial Torelli group 
(see HH [12]). The ergodicity of the MCG-action on Xc(SU(2)) was 
proved in [21 H]. See [TUl E] for similar results when G is a general 
compact group. Here we prove the following ergodicity result: 

Theorem 1.1. Suppose g = 1 and n = 2. Then the J' -action on 
Xc(SU(2)) is ergodic for generic Ci and C2. 

The moduli space Xc(SU(2)) possesses a symplectic structure. The 
group J' is generated by simple loops described above. The same simple 
loops also correspond to fundamental group elements. These Dehn 
twist actions embed into the Hamiltonian vector field flows of the trace 
functions on these corresponding fundamental group elements. It is 
then a routine matter to produce a set of such Hamiltonian vector fields, 
whose flows are locally transitive on an open dense (Zariski) subset 
U C Xc(SU(2)). However since Xc(SU(2)) is a real variety (SU(2) < 
SL(2,C) is a real form), V = Xc(SU(2)) \ [/ is of R-codimension 1. 
In other words, V may contain "walls" between components of U. To 
prove ergodicity of the jT-action, we analyze the vector fields along V 
explicitly. This then requires an explicit computation of the symplectic 
form with the aid of a computer. The inability to carry out these 
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explicit computations for curves of higher genuses and/or with more 
punctures is the main obstacle in generalizing Theorem 11.11 to these 
curves. 

2. Trace functions and Hamiltonian flows 

This section summarizes some needed results from [4J. Let X be a 
symplectic manifold and / : X — )■ M a smooth function. Denote by 
H(/) the associated Hamiltonian vector field. 

Proposition 2.1. Let X be a connected symplectic manifold and let 
be a set of real smooth W-valued functions on X such that at every 
point X & X, the differentials df{x), for f E J-', span the cotangent 
space T*{X). Then the group generated by the Hamiltonian flows of 
the vector fields H(/), for f E , acts transitively on X. 

Proof. The proof is a straightforward application of the implicit func- 
tion therem; see Lemma 3.2 in [1]. □ 

Let G = SL(2, C) and C = {Ci, ■ ■ ■ , C„} be a family of conjugacy 
classes in G such that Gi is non-parabolic for each 1 < i < n. Let 
c = (ci, ■ ■ ■ , c„) e C" such that q = tr{A) e C for all A e Gi. Then 
the representation variety is equivalently defined as 

Homc(7r, G) = {p e Hom(7r, G) : tr{p{Bj)) = cj, for 1 < j < n}. 

In this setting, if a G vr is a homotopy class of based loops, then t^, 
the trace function of a on Xc, is defined as 

Hom(7r,SL(2,C)) ^ C; p^tr(p(a)). 

tr 

omce the function SL(2, C) -> C is lnn(7r)-invariant, defines a func- 
tion (also denoted by ta) on Xc(SL(2,C)). Furthermore, when G = 
SU(2), c e I"", where / = [-2,2]. 

Proposition 2.2. Let a be a simple separating curve on S with Dehn 
twist Tq,. Let : Xc ^ 9. be a measurable function invariant under the 
cyclic group {{Ta)^). Then ip is almost everywhere invariant under the 
flowofH{t^). 

Proof. See Proposition 5.4 in [1]. 

□ 

For the rest of the paper, we shorten Xc(SU(2)) (resp. X^(SU(2))) 
to Xc (resp. X^). 
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3. Ergodicity 

For g = and n = 4 or for g = I and n = 2, the fundamental 
group TT is isomorphic to the free group of three generators 

¥s = {F,,F2,F3,F^\l[Fi), 

where Fi corresponds to a simple closed curve on S. By convention, 
we also use elements in n to denote curves they represent on S. 

The coordinate ring of Hom(F3, SL(2, C))/SL(2, C) is C[K]/{k), where 

K = {t4, ti, t2, ta, ti2, ti3, 123} 

with 

U = tr(p(F,)), tij = tr{p{FiFj)) for p e Hom(F3, SL(2, C)) 

and 

(3.1) k :— + t23 + t^3 + ti2t23ti3 — Ci2ti2 — C23t23 — Ci3ti3 — Cq, 

where 

C12 '■— tlt2 + t3t4, 
C23 '■= ^2^3 + tlti- 

Ci3 := tita + t2t4, 

(3.2) Co := 4 - - - - - tit2t3t4. 
Let 

[} = dtiA dti A dt2 A dts A dt^ A dti^ A dt23. 
A priori, wc consider dements in M.[K] as functions on . Then X C /'^ 
is a compact component of G : k{v) = 0}. Hence elements in M.[K] 
also restrict to functions on X. 

3.1. The 4- holed sphere. Suppose g = and n = 4. The boundary 
components of E are 

B — (Bi, B2, B3, B4). 

The fundamental group tt is isomorphic to F3 with the isomorphism 
Bih^ Fi. Let 

F(K) = (ti,t2,t3,t4). 

Then for c = (ci, C2, C3, C4) G 3£c is a compact component of F~^(c). 

The Johnson kernel for the 4-holed torus is trivial as any non- 
trivial Dehn twist must be along simple curves that separate the four 
boundary components into pairs. However one may study a different 
group action as follows: Fix the boundary components into two pairs 
{Bi,B2} and {^3,54}. Let J' C 5" be the subset containing all the 
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curves separating S into two pairs of pants containing {Bi,B2} and 
{i?3,_B4}, respectively. Let J'' C MCG be the subgroup generated 
by Dehn twists along elements in J'. In this section, we study the 
jT'-action on X^. This problem is interesting in its own right and 
instructive in the study of the jT-action on when E is the 2-holed 
torus. 

The symplectic bi-vector field relating to u is 



By convention, we use Fi to also denote a simple closed curve it 
represents. The Dehn twist along the simple closed curve F2F3 takes 
the simple closed curve F1F2 to a simple closed curve Fq. Denote by 
Ti2,To the Dehn twists along F1F2 and Fq, respectively. Let 



Remark 3.1. Both F1F2 and Fq separate S into two components each 
containing {Bi,B2} and {i?3,i?4}, respectively. Hence T C J''. 

Let A4 be the space of measurable functions X — i- M. The trace 
functions of F1F2, Fq are, respectively, 

P12 = tl2) PO = C12 — t23ti3 — ti2. 

Let Hj = W{dpi) be the Hamiltonian vector field (notice that, to con- 
serve notation, the subscript index i may mean either a number or a 
pair of numbers). Let &i = &{pi) where C5(pi) is the group generated 
by the Hamiltonion flow of H(pj). Let be the group generated by 



Ui^i- Suppose / G M^^'l Then by Proposition [Ml / G M'^\ Hence 
C A^®'. Therefore 



W=id,,,Ad,,,Ad,J{dk). 



r = (ri2,ro). 




Let s e such that 

sQ = c?t4 A dti A dt2 A dts Adk A dpo A dpu- 



A direct calculation shows that 



s = 



2^23 ~ C23t23 — 2t^3 + Ci3ti3. 




s{v) = 0} 



Lemma 3.2. The Hamiltonian vector fields Hq, H12 are linearly depen- 
dent at V only if v G V . 
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Remark 3.3. The purpose is to find a sufficient condition for the set 
{dpi} to be linearly independent atv (z Xc- The choices of dti, 1 <i < 
4 and dk are not canonical. They are chosen because the fi's{l<i< 
4) are the boundary traces and k is the defining equation of X; hence, 
they are constant on Xc- 

Lemma 3.4. The vector field H12 is not tangent to V for almost all 
cel\ 

Proof. Suppose H12 is tangent to V. Then H12 is a derivation on the 
ring of functions on V (IX. Hence 

Hi2(s) = (2ti3 + ti2t23-Ci3)(4t23-C23) + (-2t23-tl2tl3 + C23)(-4ti3 + Ci3) 

is zero in M[K]/ {k, s); that is, Hi2(s) e {k,s). 

We now compute a Grobner basis for [k, s) C M[i^']. A direct com- 
putation shows that the residue of Hi2(s) is not zero. This imphes 
that Hi2(s) {k, s). This imphes that for a generic c G H12 is not 
tangent to V. □ 

Theorem 3.5. The T- action on Xc is ergodic for almost every c & I'^. 

Proof. Suppose / G Jvl^ . Then / G A^®. For almost ah c E I'^, 
the set Q = fl V has measure zero and divides into a finite 
number of components. Let A C X^ \ Q be a connected component. 
By Lemma 13. 2[ the fibres of pi2, Po are tangent to each other at v 
only if f G Q. Hence, by Proposition 12.11 / must be constant almost 
everywhere on A. 

Lemma 13.41 implies that there is a Zariski dense subset of Q upon 
which H12 is not tangent to Q. Hence there exists a smooth vector 
field (namely H12) that flows across Q between adjacent components. 
This implies that if vo,vi G X^ \ Q, then there exists g E Q such that 
g{vo) = fl. Since X^ is smooth and connected, / is constant almost 
everywhere on X^ \ Q. Since X^ is open and dense in Xc and Q has 
measure zero, the theorem follows. □ 

3.2. The 2-hoIed torus. This case runs in parallel with that of the 
4-holed sphere above. Let g = 1 and n = 2. The boundary components 
of S are B = (i?i,i?2). The fundamental group vr is isomorphic to F3 
as described by the ribbon graph in Figured], with Bi h-)- F1F2F3 and 
B2 I— !■ F1F3F2. 

The sum and product formulas are, respectively [T]: 

ks = tl3t2 + tit23 + ti2t3 — tit2t3, 
kp = tl + tl+tl + t?2 + t^g + + ti2ti3t23 - t2t3t23 - t2titi2 - t3titi3 - 4. 
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Figure 1. A ribbon graph representing a 2-holed torus 

Notice that k = kp — t^^kg — t^) . Let 

F:X^/^ F{K) = {U,ks-U). 

Then for c = (ci, C2) G Xc is a compact component of F~^(c). 

Remark 3.6. The moduli space Xc is the subspace of X defined by 
kg = Ci + C2 and kp = C1C2. 

With respect to the coordinates K, the canonical symplectic bi- 
vector field W relating to u is (this can be computed from the ribbon 
diagram of Figured]) the 7x7 skew-symmetric matrix and specified by 
the following (The unspecified terms are zero; i.e. after filling in these 
specified terms and making it skew-symmetric, the rest of the terms 
are zero): 



f W2,3 = 


-2ti2+tit2, W2,i = 


2ti3 - tit3. 




W^2,5 = 


-titi2 + 2t2, W2fi = 


tlti3 - 2t3, 




^3,4 = 


-2t23 + t2t3, PV3,5 = 


-2ti+ti2t2, 1^3,7 = 


-t2t23 + 2t 


^4,6 = 


2ti - tists, 1^4,7 = - 


-2t2 + t23t3. 






~tl2tl3 ~ 2t23 + 2t2t3 


W5J = 2ti3 + tl2t23 


- 2tit3, 


[ W,j = 


— 2ti2 + 2tit2 — ti3t23 







8 WILLIAM M. GOLDMAN AND EUGENE Z. XIA 

The Dehn twist along the simple closed curve Fi takes the simple closed 
curve F2F3F2^ F.^^ to a simple closed curve Fq. Denote by Tij the Dehn 
twists along FiFjFf^ Fj~^ and by tq the Dehn twist along Fq. Let 

r = (ri2, r23, ri3, tq). 

Remark 3.7. T C J. 

Let Ai be the space of all measurable functions X — ?■ M. The trace 
functions for various i are 

Pl2 = -2 + tl+ t?2 - tltl2t2 + tj, 

P23 = -2 + t2 + - t2t23t3 + tg, 
Pl3 = -2 + t?+t^3-titi3t3 + t2, 
PO = Co + titi2t2 + t4ti3t2 + tit4t23 
+ti2t4t3 — titi3t3 — titi2t23t3 + t2t23t3 + t^tg — 2. 

Let Hj = W{dpi) (again the subscript i may denote a number or 
a pair of numbers) be the Hamiltonian vector field. Let 0j = C5(pj) 
where C5(pj) is the group generated by the Hamiltonion flow of H(pi). 
Let & be the group generated by |J. &{. Suppose / G Ai^'^^K Then by 
Proposition [221 f e M'^\ Hence M^^'^ C M'^\ Therefore 

i i 

Let C /''' be the subvariety defined by the polynomial s = 0, where 
sfl = dt4 A d{kp — 14) Adk ^ dpi. 

i 

By definition, V is the dependency locus: 

Lemma 3.8. // the set {Hj} is linearly dependent at v & , then 

veV. 

Remark 3.9. Again in complete parallel with the case of the 4-hole 
sphere, the choices of dt4,d{ks — t4),dk are not canonical. They are 
chosen because 14, kg — 14 are the boundary traces and k is the defining 
equation of X; hence, they are constant on Xc- 

Lemma 3.10. The vector field H12 is not tangent to V for almost all 

ceP. 

Proof. Suppose H12 is tangent to V. Then H12 is a derivation on the 
ring of functions on V H X. Hence Hi2(s) = G M.[K]/{k, s). This 
implies that -^12(5) G {k,s). 
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With the aid of a computer, one may compute a Grobner basis for 
{k,s) and show that the residue of Hi2(s) is not zero. Hence Hi2(s) ^ 
{k, s). This imphes that for a generic c G P, H12 is not tangent to s. 

It so happens that s = S1S2 is reducible with two factors. Hence one 
may compute the Grobner basis {k,si) and (A;, S2) and then compute 
the residues in each cases. 

□ 

Proposition 3.11. The T-action on is ergodic for almost every 

ceP. 

Proof. Suppose f E M^. Then f e M'^. For almost all c e 
the set Q = fl V has measure zero and divides into a finite 
number of components. Let A C X^ \ Q be a connected component. 
By Lemma 13.81 and Proposition 12.11 / is constant almost everywhere 
on A. 

Lemma 13.101 implies that there is a Zariski dense subset of Q upon 
which H12 is not tangent to Q. Hence there exists a smooth vector field 
(namely H12) in Q12 that flows across Q between adjacent components. 
This implies that if ^0,"^! £ X^ \ Q, then there exists g E Q such 
that g^vo) = vi. Since X^ is smooth and connected, / is constant 
almost everywhere on X^ \ Q. Since Q has measure zero, the theorem 
follows. □ 

Theorem 11.11 follows as F C ^ and X^ is open and dense in Xc. 
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